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Application of Global Sensitivity Equations in
Multidisciplinary Aircraft Synthesis
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and
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The present paper investigates the applicability of the Global Sensitivity Equation (GSE) method in the
multidisciplinary synthesis of aeronautical vehicles. The GSE method provides an efficient approach for repre-
senting a large coupled system by smaller subsystems and accounts for the subsystem interactions by means of
first-order behavior sensitivities. This approach was applied in an aircraft synthesis problem with performance
constraints stemming from the disciplines of structures, aerodynamics, and flight mechanics. Approximation
methods were considered in an attempt to reduce problem dimensionality and to improve the efficiency of the
optimization process. The influence of efficient constraint representations, the choice of design variables, and
design variable scaling on the conditioning of the system matrix was also investigated.

Nomenclature
A - system dynamics matrix
a = stringer cross-sectional areas
B = control matrix
b = wing semispan
C = wing chord length
d = static wingtip displacements
dd = dynamic displacements
G = gain matrix
H = gust distribution matrix
Iyy = moment of inertia
K = stiffness matrix
K = generalized stiffness matrix
L = lift vector
M = mass matrix
Q = generalized aerodynamic force matrix
tfoo = dynamic pressure
5 = wing area
Th = membrane thickness
u = control input vector
V = wing-box volume
W = weight
wc = gust input vector
X = design variable
x = state variable
Y = sybsystem output
y = system output
6 = control surface deflection
y = dihedral
Q = cumulative constraint measure
0 = eigenvector
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p = cumulative constraint constant
a = static stress
co = eigenvalue

Introduction

A PRINCIPAL concern in the application of optimization
methods in large engineering systems resides in examin-

ing approaches that allow for an efficient and accurate mathe-
matical representation of such systems. This is especially perti-
nent in light of several recent publications1'2 that indicate an
increased interest in the problem of optimization in a multidis-
ciplinary environment. Such an environment generally results
in a system composed of distinct but intrinsically coupled dis-
ciplines that interact with one another in such a manner that
perturbations in parameters pertinent to one discipline affect
the output of others. This interdependence of subsystems con-
tributes to difficulties in successfully implementing a holistic
design synthesis strategy. Furthermore, such an integrated im-
plementation is also subject to complexities introduced as a
result of an increased number of design variables and con-
straints. A major objective of recent investigations has been to
overcome the many obstacles inherent in the multidisciplinary
design problem in order to take advantage of the synergistic
nature of integrated design.

Two basic solution strategies have been proposed for inte-
grated, multidisciplinary design problems. The first involves
an ad hoc decomposition in which the participating analyses of
the various subsystems are performed in some prescribed or-
der. In such an approach, the resulting design is dependent on
the order in which analyses are carried out. The more desirable
strategy is one which embraces parallel processing, in which
each subsystem is examined simultaneously and with due con-
sideration of all subsystem interactions.

The recently proposed Global Sensitivity Equation (GSE)
method3'4 introduces an efficient approach for decoupling a
large system into smaller subsystems in order to obtain first-
order sensitivity of the behavior response. This sensitivity in-
formation may then be used to construct linear approxima-
tions to the response for use in a parallel optimization
environment. The GSE is particularly compatible with multi-
disciplinary design, as each discipline involved may be rele-
gated to a subsystem, thus allowing for the decoupling of the
problem.

The purpose of this investigation was to examine the multi-
disciplinary synthesis of an aeronautical vehicle in the context
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Fig. 1 Flowchart for subsystem interactions.

Fig. 2 Flowchart for multidisciplinary design synthesis.

of the GSE approach. The synthesis problem involved sizing of
the vehicle for design constraints stemming from the require-
ments of structural integrity and response, aerodynamic per-
formance, and prescribed stability and control requirements.
As explained in subsequent sections of this paper, the multidis-
ciplinary synthesis problem described above results in a large
number of linear algebraic equations that must be solved to
obtain the behavior sensitivity. In the present work, iterative
solution techniques were examined for this application as an
alternative to traditional matrix decomposition approaches.
Approximation concepts including efficient methods of con-
straint treatment5 were investigated to reduce problem dimen-
sionality and to improve the efficiency of the optimization
process. The influence of choice of design variables and design
variable scaling and of use of constraint reduction techniques
on the conditioning of the system matrix was also investigated.

System Decomposition by the
Global Sensitivity Equation Method

The underlying concepts in the proposed approach for de-
composition are simple and make use of the fact that the first
derivative of a nonlinear function at a point is equal to the first
derivative of the function linear approximation at that point.
For the case where there is interaction between the disciplines
of structures, aerodynamics, and stability/control as shown in
Fig. 1, the analysis equations can be expressed in a symbolic
form as follows:

YS=YS(XS,YA,YSC)

YA=YA(XA,YS9YSC)

, YA,YS) (1)
Here, Xs, XA, and XSc are the variables local to the struc-
tures, aerodynamics, and stability/control systems, respec-
tively. YA is the output vector for the aerodynamic system and,
in the most general form of coupling, this vector acts as a set
of auxiliary input variables for the structures and stability/
control systems. Similarly, Ys and Ysc act as auxiliary input
variables for the other systems. Thus, the vectors Yprovide the
coupling links between the three systems. It is possible to de-
velop expressions3 for the sensitivity of the output of each
discipline to intrinsic variables Xin the following matrix form:

NS NA NSC

/

dYA
dYs

dYSc
dYs

dYs

BYA

I

dYsc
dYs

dYs^
dYsc

dYA

dYsc

I

'dr/
dXs

dYA
dXs

dYsc
dXs

dYs

dXs

0 (2)

where NS, NA, and NSC represent the dimensionality of the
output vectors from the structures, aerodynamic, and stabil-
ity/control disciplines, respectively. Similar sensitivities can be
developed for changes in the intrinsic variables of the aerody-
namics and stability and control disciplines.

Note that the total derivatives dYs/dXs, dYA/dXSt and
dYsc/dXs can be solved from the above set of equations if the
partial derivatives that appear in the coefficient matrix and in

Stringer
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Fig. 3 Finite element model of the structure.
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the right-hand vector are known. These partial sensitivities can
be computed locally within the system, eliminating the need to
perform computationally expensive interdisciplinary iteration.
This also diminishes the possibility of errors associated with
roundoff and truncation in the iterative process from having
adverse effects on the quality of the sensitivity results. It is
worthwhile to note that the output from the analysis of one
discipline may contain data that has no influence on other
disciplines. As an example, the output from the structures
analysis may include modal information that is passed as input
to both the aerodynamics and flight mechanics disciplines. It
may also include data such as the objective and constraint
function information that is not passed as input, as it has no
influence on the analyses of those disciplines.

The sensitivities obtained from the preceding analysis can be
used to develop linear approximations to the output response
of each subsystem, which can be subsequently employed in an
optimization process. However, due to the complexity of the
multidisciplinary problem, the dimensionality of the local sen-
sitivity matrices may be prohibitively large for repetitive de-
composition in an optimization sequence and may contribute
to substantial reductions in the numerical efficiency.

Multidisciplinary Synthesis Problem
The objective of the design problem was to size the structure

and planform geometry of a general aviation aircraft for min-
imum weight, subject to design constraints stemming from
requirements of structural integrity, aerodynamic perfor-
mance, and flight mechanics performance characteristics. The
design synthesis methodology for the integrated problem is
shown in Fig. 2. Since there exists an inherent coupling be-
tween the three disciplines, an initial design point must be first
determined iteratively. Based on this starting point, total be-
havior sensitivities were determined by application of the GSE
method. These sensitivities were used to construct piece wise
linear approximations for the behavior response for use in a
feasible-usable search direction optimization algorithm. Such
an optimization was performed with prescribed move limits on
the design variables, necessary to ensure the validity of the
linear approximation. The process was repeated until specified
convergence criteria were met.

Model Definition and Analysis Methodology
The multidisciplinary environment of structures, aerody-

namics, and flight mechanics was represented in terms of dis-
tinct analysis models. The scope of analytical detail and the
primary tools used to represent that detail are described in this
section. Description of the design problem in terms of the
subsystem design variables and constraints is also included in
this section.

Structural sections = 6
Aerodynamic sections = 6
Number of panels = 6
Number of boxes =80

Vertical tail

Structures Subsystem
The finite element analysis model for the structures disci-

pline is shown in Fig. 3. A stick model of the fuselage and tail
structure represented by beam elements was connected to a
built-up membrane/stringer model for the wing structure. A
symmetric half of the structural model was used with a total of
426 degrees of freedom. Basic configuration and geometry
design variables included the wingspan, wing dihedral, and
location of the wing along the fuselage. The structural sizing
variables included the stringer cross-sectional areas, mem-
brane thicknesses, and chord lengths at three prescribed span-
wise locations. Design constraints were placed on the first and
second natural frequencies of the structure, wingtip displace-
ments, membrane and stringer stresses at the root section, and
internal volume of the wing structure.

All structural analysis pertinent to the problem was per-
formed using the finite element program Engineering Analysis
Language (EAL).6 EAL is a high-order language with primary
applications in analysis and design of solid and fluid systems
based on a finite element representation of the analysis do-
main. Individual processors communicate through a data base
containing information describing the finite element model of
the structure as well as data accumulated during execution of
the runstream.

Aerodynamics and Performance Subsystem
Definition of the aerodynamic model was in accordance

with the input requirements of an unsteady doublet lattice
program Interactions between Flexible Structures, Unsteady
Aerodynamic and Active Controls (ISAC)7 and is shown in
Fig. 4. A beam representation for the fuselage was retained. A
lifting surface, defined as the aggregate of the upper and lower
surfaces of a wing with a NACA 2412 airfoil, was modeled
with plate elements, as was the tail assembly. The aerodynamic
design variables included the span length, location of wing
along the fuselage, wing dihedral, and chord lengths at selected
span wise stations. Four design performance constraints were
introduced in this subsystem. These included bounds on the
stall velocity, landing and takeoff distances, and the range of
the aircraft.

To study the forced motion of the aircraft in the frequency
domain, the generalized aerodynamic forces were obtained as
follows

(3)

where k is the reduced frequency, [<t>] is the modal matrix, Ma
is the Mach number, and AP is the differential pressure over
the surface generated due to motion and gust incidence. The
gust time history was modeled as a deterministic sharp-edged
gust.

Performance requirements were stated as constraints in the
optimization problem and were determined from well-docu-
mented relations.8 The stall velocity was found from the rela-
tion

(4)

where W is the weight of the aircraft at takeoff, CLmax is the
maximum lift coefficient, p is the density of air at sea level, and
S is the wing area. Another performance requirement was the
landing distance over a 50-ft obstacle and was calculated by
summing the distance in the air DA and the distance on the
ground DG, defined as follows:

DA = (W/F)/[(V2
5Q- VD/2 + 50]

Fig. 4 Paneling for the aerodynamic model.

and

= ~V2
L/(2a)

(5)

(6)
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The quantity (W/F) is the average resistance coefficient, a is
the uniform acceleration on the ground, VL is the velocity at
landing, and F50 is the velocity at the 50-ft height. Similarly,
the takeoff distance over a 50-ft obstacle (DT(j) was found from

where

DTO = (100/O/9 - 1000/3

K= W2/(SHPCLTQT]

(7)

(8)

and HP and T are the rated horsepower of the engine and the
ratio of air densities, respectively, and €LTO is the lift coeffi-
cient at takeoff.

Breguet's formula was used to determine the range. Based
on the assumption that all fuel is used, the range R can be
expressed as

R = 315(CL/CD)(N/F)k(W/Wp) (9)

7=1

where TV is propeller efficiency factor, F is the specific fuel
consumption, and WP is the difference between the takeoff
weight and the weight of the fuel.

Stability/Control Subsystem
A first-order state space representation was used for the

analytical model of the flight mechanics subsystem. The equa-
tion of motion for a structure with active controls and subject
to time varying air loads can be written in terms of air loads Q/
and modal displacements qt as follows:

(10)

where d(t) is the control surface deflection and wG(t) is the
gust velocity.

The dimensionality of the modal matrix is determined by the
number of modes that are deemed necessary to model the
structural displacements and other system degrees of freedom.
Since the lower modes are dominant in representing the dis-
placements, typically only the first six to ten modes are used in
the analysis. In the present work, one, three, and five modes
were used for this purpose.

A first-order state space representation of the governing
differential equations for the open-loop system can be written
as follows:

(jc) = [^4](jc ) -I- [B]{u } + [H]{n } (11)

where A is the system dynamics matrix, B and H are the
control and gust distribution matrices, respectively, jc is the
state variable vector, u is the control input vector, and n is the
gust vector.

In terms of the state vector x, the system output y can be
written as

(12)

where the matrix [C] contains information specific to the loca-
tion of the sensors. The output vector is of length s, where s
is the number of sensors present in the system.

The optimal state feedback control law can then be found as
a function of the gain matrix as follows.

{u} = - [ G ] [ x ] (13)

The use of this relationship in Eq. (25) yields an expression for
determining the optimal state for the closed-loop system. A
time-marching method was used to determine the time history
for the state variables. Once the state solution is known, the
dynamic displacements can be retrieved for each degree of
freedom. The control input resulting from this analysis was

used to determine the mass of the physical control system by
referring to an empirical relationship between control power
and control system mass. This mass was used as an input to the
structural system and had a direct bearing on the dynamic
characteristics through its influence on the structure modal
behavior.

Control system analysis was performed through the use of a
package of FORTRAN programs Optimal Regulator Al-
gorithms for the Control of Linear Systems (ORACLS).9 The
package provides solutions to either discrete Linear Quadratic
Gaussian (LQG) or time-invariant continuous problems.

The design variables for this subsystem included the span,
chord lengths at designated spanwise locations, wing location
along the fuselage, and wing dihedral. Note that the gain com-
ponents in the controls analysis could be included as design
variables and would directly influence the resulting control
effort. Design constraints were imposed on control surface
deflections, dynamic tip displacements, and settling times in a
longitudinal oscillatory motion. The required stability deriva-
tives for this analysis were obtained from a semielastic stability
analysis, which involves a modification of rigid-body stability
characteristics to account for structural deformations. The
relationship

between the generalized stiffness and generalized aerodynamic
force matrices yields an elastic generalized aerodynamic force
vector as a function of rigid and elastic terms such that

Gl2

G:

612
622

Q.3"

623-

32 (15)

Condition Number CC - Constraint Case

1E+12

1E+11
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1E+06

1E+05

1E+04

1E+03

1E+02

1E+01

CC1 CC2 CCS
1MODE
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Fig. 5a Variation of condition number with system dimensionality
and with constraint representation.

Condition Number CC - Constraint Case

CC 1 CC 2 CC 3
DESIGN VARIABLE CASE 1

Normalized

CC 1 CC 2 CC 3
DESIGN VARIABLE CASE 2

Unnormalized

Fig. 5b Variation in condition number with design variable and con-
straint representation.
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where n is the number of elastic and rigid-body modes, and the
first two rows of [Q] correspond to pitch and plunge modes.

Selected stability derivatives were determined in terms of the
semielastic generalized aerodynamic force vector. These were
used in the characteristic equation resulting from the stability
analysis of longitudinal motion and from which the eigenval-
ues for this motion were determined. The time-to-half for
longitudinal pitching motion was determined from the relation

tl/2 = 0.69f*/f (16)

where f is the eigenvalue for the mode under consideration and

f = c/(2U) (17)

defined in terms of the mean chord length c and the velocity U.
The rigid-body stability and control analysis was performed

using a modified version of programs available in Ref. 9.

Implementation of Solution Techniques
In the use of the GSE method for the design problem de-

fined above, the dimensionality of the global sensitivity matrix
is of some concern. If each subsystem represents a discipline in
a multidisciplinary optimization problem, it is conceivable that
for a large number of outputs associated with each discipline,
the dimensionality of the global sensitivity matrix can be po-
tentially quite large. The system of linear algebraic equations
that are obtained by recourse to the GSE method can be ex-
pressed as

(18)

where [D] is the GSE partitioned matrix containing the local
sensitivity information of each subsystem, { v } is a known
column vector of partial sensitivities, and { w } is the unknown
column vector of total derivatives. If the vector {w }, required
in forming the response approximations for each piecewise
linear representation of the system, is obtained by decomposi-
tion of [D], the process may become unacceptably expensive
or inaccurate due to an accumulation of round-off errors. The
present work adopted an alternative iterative solution to this
system of equations. An initial approximation to the solution
was assumed and successively modified to a converged solu-
tion. In this investigation, Gauss-Siedel iteration with relax-
ation was implemented to promote convergence.

Gauss-Siedel iteration is recursive in nature, as one repeat-
edly cycles through solutions for the unknowns which then
replace the old values. Since the method uses the most recently
calculated values for the unknowns, substantial computer stor-
age savings may be achieved. A point relaxation technique was
implemented, which essentially modified the calculated value
for the unknowns before being stored. The recursive relation
for this approach may be expressed as

(19)

where X is the relaxation factor, (t+ 1) is the current iteration,
and w/f +!) is the value for the unknown obtained by Gauss-
Siedel method in the current iteration.

The level of ill-conditioning associated with matrix [D] may
be expressed in terms of a condition number, which, in the
present work, was defined as follows:

(20)

Here, the following definition for the first norm of [D] was
used:

The quantity ||Z>~'||i was estimated from the expression

| |Z> | | ,=maxEl<iyl

where vector [y] was chosen and [z] was determined as
follows:

[D][z] = [y] (22)

The condition number is a measure by which the accuracy of
the solution may be gauged and is determined by the relative
magnitude of the terms in the GSE matrix. Since the compo-
nents of the output response vector Y and the design variable
vector A" are of varying magnitudes, it is important to scale the
partial sensitivity terms in the GSE matrix. A normalization
scheme was implemented that is most readily explained by
considering two systems A and B, with scalar intrinsic design
variables XA and XB and scalar output responses YA and YB.
To determine the derivatives of YA and YB with respect to XA,
the global sensitivity equations can be written in the following
matrix form:

/

dYB

dYA

9^"
dYB

I

dy/
dXA

dYB

dXA

dYA

dX,
(23)

The partial sensitivity terms appearing on the left and right
sides of this equation were normalized as

dYBJ

dYB

dYA

YB dYA

YA dYB

YA dYB

YB dYA

XA dYA

YA 9XA
(24)

and the normalized global sensitivity equations rewritten as
follows:

I

dYB

dYBJ

I dYB

dX,

[ (25)

The unsealed total derivatives were then recovered from the
scaled values from the following expressions:

dYA_=YA_ idYA

dXA XA \dXA

dYB = YB_ /dYB

dXA XA \dXA
(26)

The response sensitivities determined from the GSE, using
both direct decomposition and iterative methods, were com-
pared with results obtained from a forward-step finite-differ-
ence approach applied to the coupled system. The percent
difference in the two solutions under comparison may be writ-
ten as

ABS
Per/,* = 100 x k

(21)
^ffJa-WJo.)![\dxj\dxj\

(27)

/ = 1, NGSM, k = 1, NX
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where NGSM is the dimensionality of the GSM and NX is the
total number of design variables. A variance of Per/)Ar is then
defined as

1 NGSM
Var(Per,,,) = -j-—- £ (Per,,,)2

NGSM y = i (28)

A standard deviation measure of the variance is adopted for
convenience and is defined as follows:

(29)

Constraint Reduction
The iterative solution of the GSE was implemented in con-

junction with an approach to reduce the dimensionality of the
system equations. Explicitly, this involved the reduction in the
total number of subsystem output parameters by an efficient
constraint representation approach. Such an approach permits
the representation of a large number of inequality constraints
by a single cumulative measure as

r m ib=iexp gj j (30)

Here, 12 is the cumulative constraint measure, g, are the m
inequality constraints for the problem, and p is an arbitrarily
large number taken to be between 25 and 50.

Solutions of the GSE were obtained for three specific cases,
with selective use of the cumulative constraint to reduce the
system dimensionality. A detailed definition of the dimension-
ality of the output vectors for each of these cases may be found
in the Appendix.

Case 1
Constraint reduction techniques were not used. The system

output vectors for the five mode case were as follows:

Ys = NS = 453

Yc=(mc,d,gc) NSC =19 (31)

The GSM dimensionality for this case was 502x502.

Case 2
Cumulative constraints were used for static stresses and for

static and dynamic displacements, resulting in output vectors
with the following dimensions for the five-mode case:

NS - 400 NA = 30 NSC = 5

The GSM had dimensions 435 x 435.

Case3
Cumulative constraints were used to represent all con-

straints in each subsystem, resulting in output vector dimen-
sions as follows:

NS = 3489 NA = 25 NSC - 3

The GSM had dimensions 417x417 for this case.

Choice of Design Variables
Since certain design variables affect the analyses and, hence,

the design constraints for more than one subsystem, these
design variables can be represented in more than one way in
the GSM. Two representations were implemented in this
study.

Case 1
In this case, design variables that contribute to more than

one subsystem analysis were considered design variables in
each of the subsystems. The design variable vectors were

Xs = (C9b,y9D,a,TH) NXS = 26

= (C,b,y,D)

30

25

20

15

10

CPU (sec)

NXA = 6

NXSC = 8, 12, 16 (32)

CC - Constraint Case

•• Normalized E2Z3 Unnormalized

JE_
CC1 CC2 CCS

1 MODE
CC1 CC2 CC3

3 MODES
CC1 CC2 CCS

5 MODES

Fig. 6a Variation of computational requirements for iterative solu-
tion with system dimensionality and with constraint representation.

CPU (sec) CC - Constraint Case

CC1 CC2 CCS
DESIGN VARIABLE CASE 1

CC1 CC2 CCS
DESIGN VARIABLE CASE 2

Fig. 6b Variation of computational requirements for iterative solu-
tion with design variable and constraint representation.

CPU (sec) CC - Constraint Case

•i Normalized ^ Unnormalized

A-Lambda.1.00.XURHS
B-Lambda-1.00, XI-0.0
C - Lambda-0.75, XI-RHS

CC1 CC2 CCS
CASE A

CC1 CC2 CCS
CASES

CC1 CC2 CCS
CASEC

Fig. 6c Variation of computational requirements for iterative solu-
tion with different constraint representations and for variations in
starting solutions and relaxation parameters.
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Standard Deviation

1E+00

1E-01

1E-02

1E-03

1E-04
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Design Variable

—— Unnormalized -*- Normalized

Fig. 7a Comparison of iterative and direct solutions.

Standard Deviation CC - Constraint Case

10 13 16 19 22 25
Design Variable

28

CC1 CC2 CCS

Fig. 7b Comparison of iterative and direct solutions for different
constraint representations.

Standard Deviation CC - Constraint Case

10 13 16
Design Variable

19 22 25 28

—— CC 1 -*- CC 2 -e- CC 3

Fig. 7c Comparison of finite difference and direct solutions.

where C are chord lengths at designated span stations, b is the
wing semispan, 7 is the wing dihedral, D defines the wing
location along the fuselage, a are the stringer areas, Th are
membrane thicknesses, and G is the controller gain vector
which has dimensions of two times the number of eigenmodes
used in the analysis. As stated earlier, one, three, and five
modes were used in the numerical work.

Case 2
In this implementation, specific design variables were allo-

cated to only one discipline but were also represented as output

120
Standard Deviation CC - Constraint Case

10 13 16 19
Design Variable

22 25 28

CC1 CC2 CC3

Fig. 7d Comparison of finite difference and direct solutions for dif-
ferent constraint representations.

Standard Deviation CC - Constraint Case

CC1 CC2 CCS

Fig. 7e Comparison of direct solutions for two different design vari-
able representations.

in the Y vectors so their influence was still retained in other
subsystem analyses. The design variable vectors were desig-
nated as follows:

Xs = (a,Th) NXS-20

XA = (C,b) NXA-4

Xsc=(D,y,G) NXSC - 4, 8, 12 (33)

Here, the choice of design variables was critical, as it affected
the conditioning of the GSE system matrices.

It is worthwhile to note that each of the analysis modules
were independent processors, which may even reside on differ-
ent computer systems. However, in the present approach, they
were implemented on a single VAX 11-750 system. The flow
between the independent processors was controlled in the
COMMAND Language feature of DEC/VMS systems.

Discussion of Results
The effect of constraint representation, design variable allo-

cation, and normalization of the design variables on the condi-
tion number of the GSM can be seen in Figs. 5a and 5b. As
expected, condition number is seen to increase with increased
dimensionality of the matrix and, even for the one-mode case,
is quite large if output vector normalization is not used. The
unique allocation of design variables to distinct disciplines and
their inclusion in the output vector, as described in the pre-
vious section, had a minimal influence on the condition num-
ber of the GSM. As can be seen from these figures, imple-
mentation of the normalization scheme described in Eqs.
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Table 1 Summary of optimization results
for the aircraft problem

System
Structures

Aerodynamic
performance

Stability/
control

Constraint
«i f l, Hz
"2fl, Hz
d0y in.
V'a, psi
am

a, Ib/in.
Va, in.3

Ks, , ft/s
£>^> ft
£>roa, ft
Ra, mi
fiW0, in.
6«i, deg/;/2*> s
f^n, S

allowables
2.0
8.0

20.0
20000.0
5000.0

100450.0
83.6

1250.0
1525.0
615.0

10.0
45.0
45.0
0.2

(23-26) significantly reduced the condition number of the
GSM and contributed to an overall improvement in the solu-
tion accuracy.

The normalization scheme had the desired effect of reducing
the solution times for the Gauss-Siedel iterative method, as
shown in Figs. 6a and 6b. For the limited dimensionality prob-
lems considered in this work, these solution times were com-
parable to those required in a direct decomposition approach.
However, the iterative approach would still be preferred over
a direct decomposition strategy, as the round-off error accu-
mulation in the latter can be quite severe. Figure 6c illustrates
the effect of relaxation factor and the selection of an initial
solution on computational requirements. As expected, if un-
derrelaxation is used by selecting a relaxation factor less than
one, the solution times show an increase. The computational
requirements were minimally affected by the initial choice of
the solution vector, as is seen in Fig. 6c. In an iterative frame-
work of the design synthesis process described in Fig. 2, it is
possible to use the solution of the previous iteration as the
initial choice for the current iteration. The present implemen-
tation yielded mixed results with such an approach, failing to
conclusively establish any distinct advantage in terms of an
improvement in the overall computational requirements.

Results for the output response sensitivities were obtained
by an iterative solution of the GSE, by a direct decomposition
of the GSM, and by a finite-difference approximation using
the coupled system equations. A comparison of these results in
terms of the standard deviation measure defined in Eq. (29) for
different constraint cases and design variable selections, are
summarized in Figs. 7a-7e. There was extremely good agree-
ment between the iterative and direct decomposition solutions
with slightly improved agreement when design variable nor-
malization was used. The comparison between direct decom-
position solutions and finite-difference solutions also shows
good agreement, with increased deviations resulting from the
somewhat loose convergence criteria used in the solution of the
coupled analysis equations in the finite-difference approach.
Direct decomposition solutions for the two design variable
representation case were also compared, and these results are
presented in Fig. 7e. The present exercise did not conclusively
establish the advantages of one type of design variable repre-
sentation. Condition numbers for both representations were
within acceptable levels and were slightly lower for case 1.

The sensitivity information obtained in the above analysis
was also used in a representative optimization application.
Table 1 summarizes the initial and final designs for this exer-
cise. Results obtained for the one-mode, finite-difference solu-
tion and the three-mode, GSE solution are presented. The
number of design variables for the one-mode solution are less
than the three-mode solution because of the fewer gain compo-
nents figuring in the design variable set. These results were
obtained at the end of the sixth iteration and appear to be
yielding similar values for the design objective.

Concluding Remarks
The present paper investigates an application of the GSE

method in a multidisciplinary problem pertaining to integrated
design synthesis. The method provides a systematic approach
for decomposing a large coupled system into a series of
smaller, more tractable subsystems that can be analyzed inde-
pendently. The approach is, therefore, particularly well-suited
for parallel computation. A hypothetical aircraft in the class of
the Cessna 170-type configuration is chosen as the test environ-
ment for the investigation, with the disciplines of structures,
aerodynamics, and flight mechanics contributing to the con-
straints and objective function for the problem. Potential
drawbacks in the use of the GSE approach are identified as
arising from a large number of design variables and constraints
and from an improper choice of design variables. Numerical
results are presented in support of the GSE approach for such
large coupled design synthesis problems.

Appendix: Problem Description
Constraint Formulation

Normalized constraints of the following form

g = G/Ga - 1 < 0 (Al)

were used in the optimization problem. Here G represents the
response quantity to be constrained and subscript a denotes its
prescribed allowable limit obtained from a given baseline
model, thereby permitting only an improvement in the perfor-
mance characteristics with optimization.

For the structures subsystem, constraints were placed on the
first and second natural frequencies of the structure, on the
eight lateral wingtip displacements, on the internal volume of
the wing-box structure, and on the root section stresses in the
stringers and membranes. Aerodynamic performance con-
straints included bounds on stall velocity, landing and takeoff
distances over a 50-ft obstacle, and range. In this subsystem,
constraints were imposed requiring ratios of midchord to root-
chord and of tip-chord to midchord to be less than unity.

Allowable limits for the performance characteristics were
those of a Cessna 170 aircraft. For the stability and control
subsystem, constraints were placed on the dynamic lateral dis-
placements of the wing and horizontal tail, on the deflection of
the control surface, and on the times-to-half for the long- and
short-period modes. Allowable limits for each subsystem are
summarized in Table Al.

Design Variables
The design variable vector may be expressed in terms of a

partitioned vector:

[X}T={XSXA\XSC} (A2)

Six design variables that may be treated as local variables to
each subsystem are as follows:

[CR9CM9CT9b9y9D] (A3)

Referring to Fig. 3, C#, CM, CT correspond to the chord
lengths at the root, midstation, and tip of the wing. The vari-
ables b and y correspond to the semispan and dihedral of the
wing. The placement of the wing on the fuselage is determined
by D, which represents the distance between the horizontal tail
quarter-chord point and the trailing edge of the wing at the
root section.

Structures
Additional design variables for the structures subsystem cor-

respond to stringer and membrane thicknesses in the four pre-
scribed wing sections of Fig. 3:

(al9...9as,Thl9...9Thn} (A4)
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Here, a\ and a2 correspond to the bottom and top stringer
areas of Sec. I, a3 and a4 correspond to the bottom and top
stringer areas of Sec. II, etc. Similarly, Th{, TH2, and 77*3
correspond to the bottom and top membranes and shear web
thicknesses, respectively of Sec. I.

Aerodynamics
The six geometry parameters defined in Eq. (A3) were the

only design variables in the aerodynamic subsystem.

Stability/Control
The gain components of the optimal control analysis were

considered to be design variables in this subsystem. The gain
matrix G has dimensions nac x 2/zmod, where nac is the num-
ber of actuators and 2nmod is twice the number of modes
considered in the analysis. This yielded 10 possible compo-
nents of the gain matrix:

Table Al Allowable limits for the interacting subsystems

[Gl9...9Gw] (A5)

Constraint Reduction—Output Vector Dimensions
Dimensionality of the subsystem output vectors for the three

constraint reduction representations were as follows.

Case 1

YS = (co?_5, 01-375, #1-5, V, Iyy,W,gSl_65) NS = 453

where £si-2=/(^2)» £s3-io=/(cO» 8s 11-28 =/(ojr)» £s29-64
0, andg565=/(K).

YA = (Li-22,CLa,CMa,ft4i-6) NA = 30

Ysc = (mC9d,gCi-n) NSC = 19 (A6)

where gsci-i4=f(dd)9 gsci5-i6=/(''/2), and gscn =/(&)•

Case 2

YS = (<3-591>l-3l5.Kl-5,VJyy,W9g3l_J NS = 395

where £si-2=/(w2), gs3=f(d), gs4-5=f(ost), Sse-n

YA = (Li-22,Qa,CA,a,&4i-6) NA = 30

where gA has components as in case 1 .

Ysc = (me,*,gsci-3) NSC = 5

where gsci=f(dd), gse2 =/(*"), and gSC3 = (&).

Case 3

YS = (<3-59<l>l-375,Kl-5,yJyyir9gS) NS = 384

YA = (L1_22,CLa,CMa,^) NA = 25

NSC = 3

(A7)

(A8)

Here, all constraints for each subsystem were expressed as a
cumulative constraint.

Final Design
Design

variables
1
2
3
4
5
6
7
8
9

10
11
12,
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

Objective
function

Initial
design
64.00
64.00
44.50

217.0
1.500

123.5
0.400
0.400
0.300
0.300
0.20
0.200
0.200
0.200
0.050
0.050
0.050
0.050
0.050
0.050
0.040
0.040
0.030
0.030
0.020
0.020
0.100
0.100
0.100
0.100
0.100
0.100

2033.37 Ib

One-mode, finite-
difference gradients

77.1300
73.9076
45.5795

166.129
0.57240

108.545
0.23034
0.17364
0.15936
0.14051
0.15875
0.11927
0.15737
0.15603
0.02458
0.02790
0.03227
0.01741
0.01758
0.02417
0.01966
0.02334
0.03260
0.02212
0.02447
0.02881
0.11445
0.11949
0.11949

1909.43 Ib

Three-mode
GSE solution

71.5629
68.3836
62.9380

133.937
1.75480

108.175
0.27464
0.27381
0.20981
0.21033
0.15450
0.15462
0.18509
0.18503
0.03286
0.03262
0.03745
0.03198
0.03205
0.05509
0.02981
0.02988
0.03104
0.02902
0.02900
0.02513
0.10003
0.09965
0.10000
0.10132
0.07999
0.09999

1888.58 Ib
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